Abstract: In the analysis of the total cross section for the γ * γ * → hadrons process, we include the four parton final states, which are part of the O(α 2 S ) corrections. The four-parton final states contain the diagrams with gluon exchange in the crossed channel, which constitute the leading order of the BFKL resummation. We show that the diagrams with gluon exchange in the crossed channel play an important role in the large Y region, however their contribution to the cross section must be evaluated exactly. In fact, the high-energy limit, which constitutes the kinematic framework of the BFKL resummation, is not sufficiently accurate at LEP2 energies. The inclusion of the diagrams with gluon exchange in the crossed channel reduces the discrepancy between the theory and the LEP2 data collected by the L3 Collaboration, but the data still lie above the theory, even allowing for a large scale uncertainty in the theory. Thus, in order to describe accurately the data for γ * γ * → hadrons in the large Y region, corrections of an order higher than O(α 2 S ) seem to be necessary.
Introduction
Strong interaction processes, characterised by a large kinematic scale, are described in perturbative QCD by a fixed-order expansion of the parton cross section in α S , complemented, if the scattering process is initiated by strong interacting partons, with the Altarelli-Parisi evolution of the parton densities. However, in kinematic regions characterised by two very different hard scales, a fixed-order expansion might not suffice: large logarithms of the ratio of the kinematic scales appear, which may have to be resummed. In processes where the centre-of-mass energy s is much larger than the typical momentum transfer t, the subprocess which features gluon exchange in the crossed channel, and that usually appears at O(α 2 S ), tends to dominate over the other sub-processes. That sub-process constitutes the leading-order term of the BFKL equation, which is an equation for the Green's function of gluon exchanged in the crossed channel. The BFKL equation [1, 2, 3] resums the logarithms of type ln(s/|t|).
Over the last decade, several observables, like the scaling violations of the F 2 structure function [4, 5] , forward-jet production in DIS [6] − [11] , dijet production at large rapidity intervals [12] − [19] , and γ * γ * → hadrons in e + e − collisions [20] − [26] have been proposed in the literature as candidates for the detection of the BFKL evolution, and have been measured and analysed as functions of observables, which aim to single out large logarithms of type ln(s/|t|). However, from a phenomenological point of view, in order to claim detection of BFKL gluon radiation in a given process in an unambiguous way, we must rule out any explanation of that process in terms of a fixed order expansion, or in terms of a different resummation. Thus, in order to make a sound BFKL analysis, we must ascertain first of all if:
• the sub-process with gluon exchange in the crossed channel, i.e. the leading order of the BFKL resummation, dominates over all the other sub-processes;
• the acceptance cuts of the experiment under consideration allow us to reach the kinematic region of the high-energy limit, where the approximations needed for a BFKL analysis are valid.
The goal of this paper is to analyse whether the two conditions above are fulfilled in the γ * γ * → hadrons process at LEP2. Namely, we consider γ * + γ * −→ hadrons, (1.1) in e + e − collisions at photon virtualities q 2 i = −Q 2 i < 0, and for large centre-of-mass energies squared W 2 = (q 1 + q 2 ) 2 , with q i being the momenta of the photons. In practice we can realise the scattering (1.1) in the process e + + e − −→ e + + e − + hadrons, (1.2) of which Eq. (1.1) constitutes a subset. Other contributions to the process in Eq. (1.2) are, for example, those in which the incoming e + e − pair annihilates into a photon or a Z boson, eventually producing the hadrons and a lepton pair, or those in which one (or both) of the two photons is replaced by a Z boson. However, it is not difficult to devise a set of cuts such that the multiperipheral process e + + e − −→ e + + e − + γ * + γ * | −→ hadrons, (1.3) gives the only non-negligible contribution to the process in Eq. (1.2). One can tag both of the outgoing leptons, and retain only those events (thus termed double-tag events) in which the scattering angles of the leptons are small: in such a way, the contamination due to annihilation processes is safely negligible. Furthermore, small-angle tagging also guarantees that the photon virtualities are never too large (at LEP2, one typically measures Q 2 i ≈ 10 GeV 2 ); therefore, the contributions from processes in which a photon is replaced by a Z boson are also negligible. Thus, it is not difficult to extract the cross section of the process γ * γ * → hadrons from the data relevant to the process in Eq. (1.2). Double-tag events have in fact been studied by the CERN L3 and OPAL Collaborations, at various e + e − centre-of-mass energies ( √ s = 91 and 183 GeV [20] , and 189-202 GeV [21, 22] ).
The process (1.1) has been analysed at leading order [27] and at next-to-leading order [28] (NLO) in α S . However, at the high end of the W spectrum, the NLO prediction does not suffice to describe the data. In this paper, we consider the part of the next-tonext-to-leading order (NNLO) corrections which yields the dominant contribution to the total cross section in the large-W region. As we shall argue below, that contribution comes from four quark final states. Since four parton final states do not yield per se a finite contribution to the total cross section, we consider a subset of them, those with gluon exchange in the crossed channel, which are finite, and argue that they yield the most important contribution to the total cross section in the large-W region.
The paper is organised as follows: in Section 2 we set the theoretical framework; in Section 3 we consider the four-quark contribution to the O(α 2 S ) corrections, exactly and in the high-energy limit; analysing various theoretical predictions for rapidity and W distributions in Section 4, we substantiate our claim that the most important contribution to the total cross section in the large-W region comes from four-quark production with gluon exchange in the crossed channel, and also show that the high-energy limit is not sufficiently accurate at LEP2 energies; in Section 5 we present our phenomenological results, by comparing our predictions to the L3 data [22] (we shall not perform a comparison with the OPAL data, which have much poorer statistics); in Section 6 we draw our conclusions.
The theoretical framework
At leading order, the multiperipheral process (1.3) is modelled by the partonic subprocess γ * γ * → qq, depicted in Fig. 1(a) , which has been computed for massless and massive final-state fermions [27] . In Ref. [28] the O(α S ) QCD corrections to the process (1.3) were computed for final-state massless quarks (sample diagrams are given in Fig. 1(b)-(c) ). However, the NLO analysis of Ref. [28] yields a cross section behaving as
modulo logarithmic corrections. Thus, it is only propaedeutic to the BFKL resummation, whose leading-order term is based on the exchange of a gluon in the crossed channel, which appears only at O(α 2 S ) ( Fig. 1(d) ). The BFKL resummation then builds up gluon emission along the gluon exchanged in the crossed channel (the first rungs of the ladder are represented in Fig. 1(e)-(f) ). The diagrams represented by Fig. 1(d) are expected to yield a cross section which, away from the threshold and the kinematic limit, is weakly dependent on W . The additional gluon emissions build up the logarithmic corrections which the BFKL theory resums, so that the full cross section is expected to behave as
where L = log(W 2 /µ 2 W ) is a large logarithm, and the quantity µ 2 W is a mass scale squared, typically of the order of the crossed-channel momentum transfer and/or of the photon virtualities. In Eq. (2.2), the second and third sums collect the contributions which feature only gluon exchange in the crossed channel, the second (third) sum resumming the BFKL (next-to-)leading logarithmic corrections; the a 1 , a 2 coefficients behave like 1/µ 2 W . The ellipses refer to logarithmic corrections beyond the next-to-leading accuracy. The first sum in Eq. (2.2) is a fixed-order expansion in α S starting at O(α 0 S ), and collects the contributions which do not feature gluon exchange in the crossed channel; the a 0j coefficients behave like 1/W 2 * . Thus, it is clear that the second and third sums of Eq. (2.2) will eventually dominate over the first sum in the asymptotic energy region W → ∞. The second sum of Eq. (2.2) has been analysed in the region W 2 ≫ µ 2 W in Refs. [25, 26] , by computing the a 1 coefficient in the high-energy limit. As mentioned above, the a 00 term in the first sum has been computed in Ref. [27] for massless and massive final-state quarks, while the a 01 term has been computed in Ref. [28] , for massless final-state quarks. In the next paragraph, we shall illustrate that at present a calculation of the a 02 term is unfeasible. In this work, we compute exactly the a 1 coefficient, and add it to the a 00 and a 01 terms. However, we do not perform the resummation, i.e. we consider only the j = 0 term in the second sum of Eq. (2.2).
In examining the radiative corrections to the process (1.3), we first note that at present a calculation of the full O(α 2 S ) corrections to the total and to the inclusive jet and dijet cross sections is unfeasible, since it would require a computation of two-loop amplitudes, * The a02 coefficient may feature terms which behave like 1/(W µW) and arise from the interference between diagrams with gluon exchange in the crossed channel and diagrams with quark exchange in the crossed channel. These interference terms have been analysed in Section 4 (see the discussion of Fig. 3 on page 11). including double box diagrams with two off-shell legs which are not known. A calculation of the O(α 2 S ) corrections to the inclusive three-jet rate is feasible but difficult, and given the very limited experimental statistics available it would have at present only an academic value. Therefore, we shall limit ourselves to the analysis of the contribution of the four parton final states to the O(α 2 S ) corrections. In particular, the final states can be made of either two quark pairs or a quark pair and two gluons. In Fig. 2 the diagrams with two final-state quark pairs are represented.
The treatment of the four parton final states poses some additional problems, because as far as the total, the inclusive jet and the dijet cross sections are concerned, only the contribution of the four-quark diagrams with gluon exchange in the crossed channel ( Fig. 2(a)-(c) ) is infrared finite. Henceforth, we shall term the diagrams with gluon exchange in the crossed channel the g class. The diagrams of the g class are by themselves gauge invariant and as described in the former paragraph, they are expected to yield a cross section which is only logarithmically dependent on W 2 . Thus, as W 2 grows, they are expected to dominate over the diagrams with quark exchange in the crossed channel. The diagrams with two final-state quark pairs and quark exchange in the crossed channel ( Fig. 2(d)-(f) ) and the diagrams with a quark pair and two gluons in the final state, present infrared divergences when one or both the final-state gluons become collinear to the parent quarks or between themselves, when two or three final-state quarks become collinear, or when the gluon emitting the quark pair becomes soft. We shall term the diagrams with a quark pair and two gluons in the final state, and the diagrams with two final-state quark pairs and quark exchange in the crossed channel the f class. The diagrams of the f class would all be part of the proper NNLO corrections to the process γ * γ * → qq, and after cancellation of their infrared divergences by the corresponding virtual terms their contribution to the cross section is expected to have a dependence on W 2 like in Eq. (2.1), up to logarithmic corrections. They would contribute the a 02 coefficient in Eq. (2.2).
3. The four-quark contribution to the O(α 
) corrections
When calculating the four-quark contribution to γ * γ * → hadrons,
we presume that W is large enough that all the produced quarks can be treated as massless, and that the virtualities Q 2 1,2 are low enough that contributions of virtual W, Z bosons can be neglected. Indeed, for the four-quark contributions at 200 GeV centre-of-mass energy W ≃ 40 GeV and Q 2 i ≃ 13 GeV 2 . We have re-computed the tree amplitudes for fourquark production [29] using the spinor products of Appendix A. The contributing diagrams are shown in Fig. 2 , featuring gluon ( Fig. 2(a) − (c)) or quark ( Fig. 2(d) − (f )) exchange in the crossed channel. For two quark pairs of different flavour, we have
with {1, 2} and {7, 8} the quark pairs, and {3, 4} and {5, 6} the lepton pairs, and where the colour-stripped sub-amplitude A 8 depends on the momenta and helicities of the external particles. By convention, all particles are taken as outgoing, thus an incoming fermion of a given helicity is represented by an outgoing antifermion of the opposite helicity. A 8 can be divided into the functions a 8 , b 8 and c 8 , with Q f q(Q) the electric charge fraction of the quark q(Q) of flavour f q(Q) . The calculation of the functions a 8 , b 8 and c 8 as well as the one of the related production rate is detailed in Appendix B.
The high-energy limit
In Section 2, we claimed that when the squared hadronic energy W 2 is much larger than the typical momentum transfer µ 2 W , and radiative corrections to the gluon exchanged between two quark pairs are considered, the large logarithms of type ln(W 2 /µ 2 W ) which ensue can be resummed through the BFKL ladder. In fact, the resummation of the BFKL ladder requires more restrictive kinematics, where the rapidities of quarks which do not belong to the same quark pair are strongly ordered,
Eq. (3.4) defines the high-energy limit for γ * γ * → hadrons. When the strong rapidity ordering (3.4) occurs, the diagrams with gluon exchange in the crossed channel yield the dominant contribution † , and in the amplitude (3.3) the functions b 8 and c 8 can be neglected. Thus the two final-state quark pairs can be treated as non-interacting, and in the squared amplitude we can take the quark flavours as always distinct,
with Q u = 2/3, Q d = −1/3 and n u(d) the number of up(down)-type quarks. In Eq. (3.5) the factor of 1/2 appears in order to avoid double counting, since the amplitudes are symmetric with respect to the interchange of the two quark lines. Thus for a fixed lepton-helicity configuration, e.g (3
where the six-particle phase space is given in Eq. (B.15). The other lepton-helicity configurations are simply obtained by exchanging the labels 3 and 4 and/or 5 and 6 in Eq. (3.6) (see Appendix B). The unpolarised rate is given by averaging over the rates for the four lepton-helicity configurations. Since in the high-energy limit the two final-state quark pairs behave effectively as if they were two independent scattering centres, the amplitude (3.3) with the functions b 8 and c 8 set to zero is expected to factorise into two high-energy coefficient functions, usually termed impact factors, for the process eg * → eqq, where g * is the off-shell gluon which is exchanged in the crossed channel. In the high-energy limit, the amplitude (3.3) can then be used to derive such impact factors. However, it is easier to invoke high-energy † Note that the reverse is not true. In fact the diagrams with gluon exchange in the crossed channel may dominate over the diagrams with quark exchange well before the high-energy limit is realised. This issue is discussed in Section 4. factorisation and to derive the impact factor for eg * → eqq from a simpler process, e.g. from the scattering amplitudes eg → qqg or eQ → qqQ which appear typically in DIS processes. Then one can use two such impact factors, one in the forward and one in the backward kinematics, connected by a gluon exchanged in the crossed channel, in order to obtain the amplitude for e + e − → qqQQ in the high-energy limit. We denote the impact factor for the eg * → eqq process in the forward (backward) kinematics, evaluated in the γ * γ * centre-of-mass frame, as V f (b) (pl; p ℓ , p q , pq) (remember that all momenta are outgoing, hence the dependence on momenta of two particles and two antiparticles), and derive it in Appendix C (see Eq. (C.16)). Then the amplitude (3.2) factorises as
with t = q 2 , where q = − 4 i=1 p i is the momentum transfer. The two impact factors for eg * → eqq can be extracted through re-labelling from Eqs. (C.16)-(C.19). Each of those impact factors can be decomposed further into a lepton current and an impact factor for
In computing the square of the amplitude, we must sum over helicity, colour and flavour of the quarks, however in this case the flavour sum is trivial since the two impact factors do not interfere and we can treat the quark flavours as always distinct. The production rate is
which constitutes the high-energy factorisation of Eq. (3.6). Each of the two rapidity orderings of Eq. (3.4) yield the same contribution to Eq. (3.8). Thus we have included them by taking only the first of the two and deleting the double counting factor 1/2. As in Sect. 2.3 of Ref. [28] , the phase space (B.15) for the e + e − qqQQ final state can be factorised into hadronic and leptonic phase spaces,
with k 1 = p 4 − p 3 and k 2 = p 6 − p 5 the momenta of the virtual photons (here we have inverted the direction of p 4 and p 6 in order to have them incoming), and
In the high-energy limit, momentum conservation for e + e − → e + e − γ * γ * → e + e − qqQQ implies that, in the γ * γ * centre-of-mass frame ‡ ,
where we use light-cone coordinates: p ± = p 0 ± p z and for the two-dimensional vector p ⊥ complex transverse coordinates p ⊥ = p x + ip y (see Appendix C). Momentum conservation (3.11) allows us to factorise the hadronic phase space (3.10) further,
The terms in round brackets in the first line are the phase spaces for the two impact factors. They are connected by transverse momentum conservation only. The overall factor of 2 in dP 4 comes from the Jacobian of the light-cone coordinates. Eq. (3.12) can be immediately generalised to the emission of a BFKL gluon ladder between the impact factors. Fixing
the phase space (3.12) can be re-written as
with
Note that in the γ * γ * centre-of-mass frame, the momenta of the virtual photons are (in the light-cone notation of Appendix C)
2 . In the high-energy limit, k
Theoretical predictions
In this section we present the results obtained by considering the contribution of the four parton final state to the cross section for γ * γ * → hadrons. The four parton final state is O(α 4 em α 2 S ), however from the stand point of both the electromagnetic and the strong corrections it is a leading order calculation, thus the dependence of either the electromagnetic or the strong coupling on the respective scales is maximal. ‡ Eq. (3.11) is valid also in e + e − centre-of-mass frame by adding p 3⊥ + p 5⊥ to the right hand side of the third line.
As far as α em is concerned, we have chosen to set the scales on an event-by-event basis to the virtualities of the exchanged photons; hence, we replace the Thomson value α 0 ≃ 1/137 by α em (Q 2 i ), as in Ref. [28] . This choice better describes the effective strength at which the electromagnetic interaction takes place. In addition, we treat independently the two photon legs: thus, in the formulae relevant to the cross sections, α 4 em has to be understood as α 2 em (Q 2 1 )α 2 em (Q 2 2 ). As far as α S is concerned, we define a default scale µ 0 so as to match the order of magnitude of the inverse of the interaction range [28] ,
Scale choices other than (4.1) have been considered in Ref. [28] . The renormalisation scale µ entering α S is set equal to µ 0 as a default value, and equal to µ 0 /2 or 2µ 0 when studying the scale dependence of the cross section. In Eq. (4.1), the p i⊥ are the transverse energies of the outgoing partons. Since the hard process is initiated by the two virtual photons, the proper frame to study its properties is the γ * γ * centre-of-mass one. Therefore, when talking about transverse energies, whether in a total or in a jet cross section, this frame will be always understood. We evolve α S to next-to-leading log accuracy, with α S (M Z ) = 0.1181 [31] (in MS at two loops and with five flavours, this implies Λ (5) MS = 0.2275 GeV). The choice of the two-loop running is due to the fact that we are going to use a full NLO calculation augmented by a partial O(α 2 S ) contribution (the diagrams of the g class only). In exploring the footprints of the BFKL resummation in e + e − collisions, it is customary to introduce the variable Y ,
where the variables y i are proportional to the light-cone momentum fraction of the virtual photons,
where E i and θ i are the energies and scattering angles of the outgoing electron and positron in the e + e − centre-of-mass frame. For large Y , we have y 1 y 2 s ≈ W 2 , i.e. the Y variable parametrises the ratio of the hadronic energy over a typical momentum transfer, thus it is a variable which is suitable for analyses of the BFKL type. In Fig. 3 on the next page, we plot the Y distribution for different production rates. Namely, for the total NLO cross section (dot-long-dashed line), for the total cross section due to diagrams of the g class only (solid line), for the four-jet cross section at y cut = 0.01 or 0.001 (dot-short-dashed line) and for the four-jet cross section with diagrams of the g class only at y cut = 0.01 (dashed line) and at y cut = 0.001 (dotted line). Throughout this plot and henceforth, we use the acceptance cuts of the CERN L3 Collaboration [22] , namely, the lepton energies E i are larger than 40 GeV, the lepton tagging angles θ i are between 30 and 66 mrad and the hadronic energy W is larger than 5 GeV. As far as the photon virtualities are concerned, the cuts above imply that Q due to diagrams of the g class only, we use Eq. (3.6). For the four-jet cross section, the four quark final states have been computed through the formulae of Appendix B; the final states with two quarks and two gluons have been generated with the help of MADGRAPH [32] , which has been used also to check numerically the four-quark amplitudes of Appendix B. In the jet cross sections, we define the jets through a k T algorithm [30] . The jet size is set by the y cut variable. In Fig. 3 and 4 the normalisation of the curves is not relevant, since the contribution of the diagrams of the f class to the total cross section cannot be inferred from the four-jet cross section, due to the lack of virtual corrections. Thus the relative normalisation of the curves has been rescaled, in such a way that the area under each of the curves is the same. Note that in Fig. 3 the shape of the four-jet cross section (dot-short-dashed line) is largely independent of the chosen y cut . At large Y the four-jet cross section has a similar shape as the total NLO cross section (dot-long-dashed line). On the contrary, at large Y the four-jet cross section with diagrams of the g class only gets a Namely, in the total LO cross section (circles), in the total cross section due to diagrams of the g class only (diamonds), in the four-jet cross section (circles with crosses) and in the four-jet cross section with diagrams of the g class only (crosses).
larger and larger contribution as y cut goes from 0.01 (dashed line) to 0.001 (dotted line). In addition, the diagrams of the g class are by themselves infrared finite. Thus in the four-jet cross section from diagrams of the g class only, we can take the limit y cut → 0 and obtain the total cross section (solid line). This has the most open shape at large Y , which hints that at large Y we should expect a substantial contribution from the diagrams of the g class to the total cross section at O(α 2 S ). The interference terms between the diagrams of the g class and those of the f class, i.e. the terms 2[
Re(a * 8 c 8 )] in Eq. (B.9), give also a finite contribution to the total cross section. We have checked that they yield a curve that is similar in shape to the total NLO cross section. Compared to the diagrams of the g class (solid line), they yield an increase of at most 10 % only in the small-Y region, their contribution being negligible at large Y . Thus we shall neglect them henceforth.
In Fig. 4 , we plot the rapidity distribution of one of the final-state partons, in different production rates. Namely, in the total LO cross section (circles), in the total cross section due to diagrams of the g class only (diamonds), in the four-jet cross section (circles with crosses) and in the four-jet cross section with diagrams of the g class only (crosses). Note that, as expected, in the total LO cross section [28] , which features two final-state partons with quark exchange in the crossed channel, the partons produced populate mainly the central rapidity region (circles). That is true also for the four-jet cross section (circles with crosses). Instead, in the four-jet cross section from diagrams of the g class only (crosses), at y cut = 0.001, the produced quarks populate mainly the forward and backward rapidity regions. However, the shape of the circles with crosses curve depends on y cut very mildly, while that of the crosses curve depends strongly on the chosen y cut . To understand how the latter comes about, we recall that the diagrams of the g class feature two quark pairs separated by a gluon exchanged in the crossed channel, and therefore susceptible of being produced at large rapidity. In fact, the probability of finding one of them in the forward and backward rapidity regions grows as y cut becomes smaller. In the limit y cut → 0 we obtain the total cross section from diagrams of the g class only (diamonds). That shows that it is more likely to produce the quarks in the forward and backward rapidity regions than it is to produce them in the central region § . Finally, we recall that in a full O(α 2 S ) calculation of the total cross section, at present unfeasible, the diagrams of the f class are expected to yield a small correction to the NLO total cross section. Thus in a full NNLO calculation of the total cross section in the large Y region, we expect the rapidity distribution of one of the final-state partons to be roughly a combination of the circles and diamonds curves. Figures 3 and 4 show that in the large Y region, the diagrams of the g class yield an important contribution to the total cross section. Then it is natural to ask if, within the acceptance cuts of the LEP2 Collaborations, the hadronic energy W is sufficiently high to warrant the use of the high-energy limit (3.4). We can answer that by comparing the exact contribution of the diagrams of the g class (3.6) to the high-energy limit of the squared matrix element integrated over the exact phase space (3.8). That comparison is shown in Fig. 5 on the next page, where the solid line is the contribution of the diagrams of the g class and the dotted line is the high-energy limit of the squared matrix element. In this and in the following plots, the high-energy limit is obtained in the γ * γ * centre-of-mass frame. In order to match the experimental accuracy, in the theoretical prediction we consider the high-energy limit as accurate only if the difference between the exact calculation and the high-energy limit is less than 20 %, which is a conservative upper limit of the total experimental error in the tail of the distributions (see the last bins in Table 1 ). In Fig. 5 we see that their difference is less than 20 % only for Y 7. Unfortunately, the region where Y 7 is negligible at the LEP2 experiments, for the kinematic limit of Y ≈ 8 is almost reached, thus the statistics are very small. We can collect the events in the high-energy region by separating the forward and backward rapidity regions, which can be achieved by requiring that the sum of the rapidities of the two most forward momenta, η f , be larger than 3 and that of the other two (backward) momenta, η b , be less than −3. The corresponding cross sections are also shown in Fig. 5 for the diagrams of the g class (dashed line) and for the high-energy limit of the squared matrix element (dot-dashed line). These § The position of the peaks as well as the depletion in the central rapidity region depends also on the cut on Y , e.g., if we use the cut Y ≥ 5, the peaks move to about ±3 and become more pronounced. curves almost coincide with the cross sections without the rapidity separation for Y 7, but are distinctively smaller for Y 7. This is consistent with the difference between the solid and the dotted lines above. In addition, it shows that for a realistic set-up, i.e. for the cuts of the L3 Collaboration, the high-energy limit (3.4) is more stringent than the limit W 2 ≫ µ 2 W , the difference between the two being numerically negligible only for Y 7. Since the high-energy limit (3.4) is the kinematic framework of the BFKL resummation, we conclude that if a BFKL resummation is used in the Y 7 region, we expect the subleading logarithmic corrections to be sizeable.
In Fig. 6 on the following page, we plot the cross section as a function of the hadronic energy W using different approximations: the solid line is the contribution of the diagrams of the g class (3.6), the dotted line and the dot-dashed line are the high-energy limit of the squared matrix element integrated over the exact phase space (3.8) and the high-energy phase space (3.14), respectively. In the last one, the limit s γ * γ * → ∞ is taken and the transverse momenta of the quarks are integrated out analytically. Thus we shall term it the analytic high-energy limit. However, in this case we cannot use a renormalisation scale like Eq. (4.1), which is defined on an event-by-event basis. each cross section in Fig. 6 was obtained using the scale
The three curves converge only for W 100 GeV, which is again negligible at LEP2 for the poor statistics of the data. In addition, we see that for W 100 GeV the analytic highenergy limit ¶ (dot-dashed line) significantly overestimates the exact contribution of the diagrams of the g class. For instance, in the [40, 100] GeV range, considered by the CERN L3 Collaboration [22] (see the next section), the analytic high-energy limit prediction is about 60 % larger than the exact four-quark prediction. In Fig. 7 on the next page, we plot the cross section as a function of Y using the same approximations as in Fig. 6 . Also the conclusions are basically the same as for Fig. 6 , namely the three curves converge only for Y 7, while for Y < 6 the analytic high-energy limit significantly overestimates the exact ¶ In evaluating the analytic high-energy limit, we used the equivalent photon approximation for the lepton current (C.21), as in Ref. [25] . contribution of the diagrams of the g class. Fig. 8 on the next page has the same content as Fig. 7 , but it is for a e + e − Next Linear Collider (NLC) running at √ s = 500 GeV. For the sake of illustration, we have taken the following acceptance cuts: the lepton energies are larger than 40 GeV, the lepton tagging angles are between 20 and 70 mrad and the hadronic energy is larger than 20 GeV. On the photon virtualities, the cuts above imply that Q 2 1,2
GeV
2 , while the average virtualities are Q 2 i ≃ 36 GeV 2 . About the three curves, the same conclusions as for Fig. 7 can be drawn. However, the much larger statistics (at the designed luminosity, L = 3.4 · 10 34 cm −2 s −1 [33] , we expect about 1700 events in ten days of continuous running) should make also the Y 7 region available to the analysis. In conclusion, we have considered three successive approximations to the total cross section at O(α 2 S ):
• the contribution of the diagrams of the g class only, Eq. (3.6);
• the high-energy limit (3.4) of the squared matrix element, integrated over:
-the exact phase space (3.8);
-the high-energy phase space (3.14); and we have seen that, although the contributions of the diagrams with gluon exchange in the crossed channel are numerically important in the high-Y or high-W regions, in the kinematic range of the LEP2 experiments the high-energy limit (3.4) is not sufficiently accurate.
Phenomenological results
In Section 4, we have analysed the distributions in rapidity of the final-state partons, and their contribution to the total cross section in the large Y or large W regions. As expected, we have found that the diagrams of the f class yield a contribution which in shape is very similar to the one of the NLO calculation. Then we may argue that, if properly counterweighted by the virtual corrections, which at this moment are unknown, they would yield a rather minor numerical contribution, since they are an order in α S higher than the NLO one. On the contrary, the diagrams of the g class, which are by themselves finite and gauge invariant, have a very different shape in Y , becoming more and more numerically relevant as Y grows. However, we have seen that in the kinematic range of the LEP2 experiments the diagrams of the g class must be evaluated exactly, the high-energy limit (3.4) being not sufficiently accurate. Thus in this section we shall analyse ) contribution of the diagrams of the g class only (solid line). The shaded band has been obtained by varying the renormalisation scale from µ 0 /2 to 2µ 0 . The points are the experimental data from the CERN L3 Collaboration [22] . In computing the error bars, we added their statistical and systematic errors in quadrature.
the total cross section as a function of Y through the NLO calculation and/or the diagrams of the g class.
In Fig. 9 , we plot the total cross section as a function of Y , at NLO (dot-dashed line) and at NLO plus the O(α 2 S ) contribution of the diagrams of the g class (solid line). The shaded band has been obtained by varying the renormalisation scale (4.1) from µ 0 /2 to 2µ 0 . The points are the experimental data from the CERN L3 Collaboration [22] . The corresponding numbers are given in Table 1 . In computing the error bars, we added the statistical and systematic errors of the data in quadrature. We see that adding the diagrams of the g class to the NLO calculation decreases the discrepancy between data and theory at large Y , however the data still lie above the theory prediction, even allowing for a scale uncertainty on the latter . In addition, we remind that our calculation is performed
We have also computed the total cross section as a function of Y , by using only the diagrams of the g class, i.e. without the NLO contribution, and evolving αS with the one-loop running. in the massless limit for the final-state quarks, and the inclusion of the mass dependence is expected to reduce slightly the theory prediction, thus improving the agreement between data and theory at small Y but widening the discrepancy at large Y . The same considerations apply to Fig. 10 , where the total cross section is plotted as a function of W . This was to be expected, since in the large Y limit, Y grows linearly with the logarithm of W .
Conclusions
In Ref. [28] , the question had been addressed of whether the LEP2 data for the total cross section of γ * γ * → hadrons could be described by a NLO calculation. It was found that the NLO analysis described well the data, except at the high end of the hadronic energy spectrum. Through the analysis of the inclusive jet and dijet cross sections, different kinematic regions were explored, and it was argued that the region of large Y is particularly susceptible to large logarithms of type ln(W 2 /µ 2 W ). In this work, we have included in the analysis the four parton final states, which are part of the O(α 2 S ) contribution to the total cross section. The four-parton final states data.
∆W
L3 data NLO NLO + g class (GeV) dσ ee /dW (pb/GeV) dσ ee /dW (pb/GeV) dσ ee /dW (pb/GeV) 5-10 0.0747 ± 0.0096 ± 0.0067 0.0883 Table 1 : Differential cross sections in W and Y for the process e + e − → hadrons. For the data the first uncertainty is statistical and the second systematic. For the theoretical predictions the error is given by the renormalization-scale ambiguity.
contain the diagrams with gluon exchange in the crossed channel, i.e. the diagrams of the g class, which constitute the leading order of the BFKL resummation. In Section 4, we have shown that indeed they play an important role in the large Y region, however they must be evaluated exactly. In fact, the high-energy limit (3.4), which constitutes the kinematic framework of the BFKL resummation, is not sufficiently accurate at LEP2 energies, when compared to the experimental accuracy. Thus, if a BFKL resummation is used in the large Y region, we expect the subleading logarithmic corrections to be sizeable.
In Section 5, we have shown that the contribution of the diagrams of the g class to the total cross section reduces the discrepancy between the theory and the LEP2 data of the L3 Collaboration. However, even allowing for the large scale uncertainty, which is intrinsic to the diagrams of the g class since they appear for the first time at O(α 2 S ), the LEP2 data still lie above the theory. Thus, in order to describe accurately the data for γ * γ * → hadrons in the large Y region, corrections of an order higher than O(α 2 S ) seem to be necessary.
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B. Four-quark production
The helicity amplitude featuring two quark pairs and two lepton pairs is
for two quark pairs of different flavour, and with {1, 2} and {7, 8} the quark pairs * * , and {3, 4} and {5, 6} the lepton pairs. In the colour-stripped sub-amplitude A 8 , the fermion flavours, momenta and helicities are implicit in the labels. A 8 is divided into the functions a 8 , b 8 and c 8 , For all of the other helicity configurations, the functions g a , g b , g c and f assume a functional form which is in principle different, however, the other lepton-helicity configurations are simply obtained by exchanging the labels 3 and 4 and/or 5 and 6 in Eq. (B.1). Analogously, we show in Appendix B.1 that the other quark-helicity configurations are obtained by exchanging the labels 1 and 2 and/or 7 and 8.
In the squared amplitude, the sum over distinct flavours can be written as
with n f the number of quark flavours, and
with i, j any integer power, and with Q u = 2/3, Q d = −1/3 and n u(d) the number of up(down)-type quarks. In Eq. (B.9) the factor of 1/2 appears in order to avoid double counting, since the amplitudes are symmetric with respect to the interchange of the two quark lines.
For two quark pairs of equal flavour, the sub-amplitude 
Note that in this instance the diagrams with gluon exchange in the crossed channel, corresponding to the functions g a , g b and g c , are in the same gauge class, while those featuring quark exchange in the crossed channel form a different gauge class. In addition, quarks of equal flavour are indistinguishable, thus we must add to Eq. (B.1) the contribution with the quarks (but not the anti-quarks) exchanged, and antisymmetrise the whole amplitude in the colour and momentum labels, i.e. we can antisymmetrise Eqs. (B.1) and (B.11) by subtracting the same expression with the colour and momentum labels of the quarks exchanged. In crossing to the physical region, we choose 4 as the incoming electron and 6 as the incoming positron. For a fixed lepton-helicity configuration, e.g. (3
− ℓ ′ ), the production rate is obtained by summing over the quark-helicity configurations, where dP 6 is the phase space for the e + e − qqQQ final state, 15) with i = 1, 2, 3, 5, 7, 8. In Eq. (B.14) we have performed explicitly the sum over quarks of equal flavour, and we have multiplied by the symmetry factor 1/4 for two identical quarks and two identical antiquarks. The sum over quarks of different flavour is performed in Eq. (B.9). The unpolarised rate is given by averaging over the rates for the four leptonhelicity configurations.
conservation along the minus direction the momentum k − can be neglected, and we can summarise the momentum conservation in the high-energy limit as
Eq. (C.4) can be viewed as defining two scattering centres through the + and − momentum conservation, which act independently. The two scattering centres are linked by the transverse momentum conservation only. Next, we must approximate the exact amplitudes in the high-energy limit. The colour decomposition of the amplitude for e + e − → qqgg in the conventions of Ref. [34] , is
The sub-amplitudes (C.6) and (C.7) are symmetric under the exchange
Alternatively, the amplitude for e + e − → qqQQ can be used,
with sub-amplitude
(C.10) † † We use the same sub-amplitudes as in Ref. [34] , but we ignore the overall factor of i. In addition, we have neglected the configuration with like-helicity gluons, since it subleading in the high-energy limit.
in the crossed channel, and where λ , ν and ρ denote the helicity of the lepton pair, the quark pair and the gluons, respectively. Using the impact factor for the gluon vertex, where the phase e iφ for us is immaterial since we compute squared amplitudes and the index + → − means that the plus components in Eq. (C.16) are replaced with minus components. Eq. (C.16) can be decomposed further in terms of an impact factor for γ * g * →by factoring the lepton current times the photon propagator p a |i γ µ |p a ′ (−ig µν )/k 2 , with the γ matrices chosen in the chiral representation as in Ref. [35] . The impact factor V µ γ * (k; 1 + q , 2 − q ) for the γ * g * → q +q− process can be written as 
We have checked that using this form of the impact factor, we can reproduce the cross section in the high-energy limit obtained in Ref. [25] . The impact factor with the helicity of the quark pair flipped is obtained by exchanging the momenta of the quark and antiquark, The impact factors for the backward kinematics, k − ≫ k + , have the same functional form as given by Eq. (C.22) (up to a phase) with the + and − components as well as the quark helicities interchanged. As a final check, we computed the impact factor for eg * → eqq, Eq. (C.16), also in the electron-parton frame, and verified that it agrees with the colour-subleading piece, termed B 2 , of the impact factor for qg * → qQQ, computed in Ref. [35] .
